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Simultaneous minimal model of homogeneous toric 

deformation 
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Abstract 

For a flat family of Du Val singularities, we can take a simultaneous resolution 
after finite base change. It is an interesting problem to consider this analogy for 
a flat family of higher dimensional canonical singularities. In this note, we con¬ 
sider an existence of simultaneous terminalization for K. Altmann’s homogeneous 
toric deformation whose central fibre is an affine Gorenstein toric singularity. We 
obtain examples that there are no simultaneous terminalization even after finite 
base change and give a sufficient condition for an existence of simultaneous termi¬ 
nalization. Some examples of 4-dimensional flops are obtained as an application. 


1 Introduction 

For a flat family of surfaces / : A —> S', it is an interesting problem exists a birational 
morphism r : A —> A such that 

(1) / o r is a flat morphism 

(2) The fibre A^ := (/ o r)“^(s) (s G S) is the minimal resolution of A^. 

If there exists such r, we say / admits a simultaneous resolution. Let / : A —*■ S 
be a fiat morphism whose fibres have only Du Val singularities. Then Brieskorn P, ^ 
and Tyurina]^] show that there exists a finite surjective morphism S' ^ S and a fiat 
morphism f' : X Xs S' ^ S' admits a simultaneous resolution. It is a key fact for 
Minimal Model Theory. Thus it is natural to consider an analogy for higher dimensional 
singularity. According to Minimal Model theory, it is suitable to consider an existence 
of “simultaneous terminalization” for a fiat family of higher dimensional singularity. 
Definition 1. For a fiat morphism / : A —>■ S' whose fibres are n-folds {n > 3), 
we say / admits a simultaneous terminalization if there exists a birational morphism 
r : A —>■ A which satisfies the following conditions: 
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(1) / o r is a flat morphism. 

(2) The hbre Xg := (/ o r)“^(s) (s G S) has only terminal singnlarity. 

(3) is r-nef. 

Recently K. Altmann constructed in Dehnition 3.1] affine toric varieties which are 
called “homogeneous toric deformation”. This toric varieties can be described many flat 
families of toric singularities such as versal deformation space of an isolated Gorenstein 
toric singularity Theorem 8.1]. In this note, using toric Minimal Model Theory, 
we investigate the existence of simultaneous terminalization of Gorenstein homogeneous 
toric deformation which is a homogeneous toric deformation whose central hbre is an 
affine Gorenstein toric variety. Our main results are as follows: 

Theorem 1 There exists a Gorenstein homogeneous toric deformation whose fibre is 
n-dimensional {n > 3) and which admits no simultaneous terminalization even after 
finite base change. 

We consider the condition of an existence of simultaneous terminalization, and obtain 
the following results: 

Theorem 2 A Gorenstein homogeneous toric deformation / : X —>■ C™ admits a si¬ 
multaneous terminalization if X has a crepant desingularization. 

We recall the dehnition of homogeneous toric deformation by K. Altmann, and Goren¬ 
stein homogeneous toric deformation in section 2. Theorems 1 and 2 will be proved in 
Sections 3 and 4, respectively. Some examples of 4-dimensional hops are obtained as an 
application. 

2 Homogeneous toric deformation 

First we introduce the dehnition homogeneous toric deformation by K. Altmann. 
Deeinition 2. A hat morphism f : X ^ C™ is called a homogeneous toric 

deformation if the following conditions are satished: 

(1) X := SpecC[(j^ n M] is an affine toric variety. 

(2) / is dehned by m equations such that where r* G cx^ fl M, (0 < i < m). 

(3) Let L := ©•=™Z(ri—ro) be the sublattice of M. The central hbre Y := f~^{0, ■ ■ ■ , 0) 
is isomorphic to SpecC[d'^ fl M] where d = a (1 and M := M/L. 

(4) i : Y ^ X sends the closed orbit in Y isomorphically onto the closed orbit in X. 
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In this note, we consider a homogeneous toric deformation with some additional condi¬ 
tions: 

Definition 3. We call homogeneous toric deformation / : X —»• C"* a Gorenstein 
homogeneous toric deformation if it satishes the following two conditions: 

(1) y is an affine Gorenstein singularity. 

(2) The restriction —r,, (0 < i < m) to M determines Ky- 
Examples. 

(1) Most plain example is / : C^(a;, y) —>• C(t). In this case, / is dehned hy x — y = t. 

(2) Let g ■. X ^ S he & versal deformation space of An singularity. It can be described 
as follows: 

X = {xy + tn-lZ -f = 0) C —>• ■ ■ - tn). 

Let cij, (0 < i < n) be elementary symmetric polynomials on ■ ■ ■ Sn) and 

H a hyperplane such that ^^^=0 ~ ^ change by ai{so, • ■ ■ , s„) = 

tr-H ^ C”, 

X X^n H - > X 

f 

H -^ C”. 

Then X x^n H can be described 

n n 

{xy + + Si) = 0) A = 0) C C’"+^(a;, y, 2 ;, Sq, ■ • ■ , Sn)- 

i=0 i=0 

Let uo := ~ so, (1 < * < n) and Zi ■.= z + Si. By using this 

coordinate, we can describe 

n 

X xc-^ H = {xy + W_Zi = h) <Z C”+^(a;, y,zo,--- , Zn) 

i=0 

and / = {zi—zq, • ■ • , Zu—zq). Thus f ■. X Xc^H ^ H is a. Gorenstein homogeneous 
toric deformation. 
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(3) Let g \ X ^ AA he a versal deformation space of n-dimensional (n > 3) isolated 
Gorenstein toric singularity. K. Altmann shows in Theorem 8.1] that for every 
irreducible component S of Ai, 


X = Xxs,^,M -. X 


/ 
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iSred ^ AA 

the pull back / : X —5red is a Gorenstein homogeneous toric deformation. 
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3 Simultaneous terminalization for Gorenstein ho¬ 
mogeneous toric deformation 

In this section, we give a proof of Theorem 1. Let F be a hypersurface in a quotient 
space such that 

V = (h := Xi ■ ■ ■ Xp — Xp+i ■ ■ ■ Xn+i = 0) C G 

where G = "LjnL. The action of G on is as follows: 

(xi, ■ • • , Xn+l) , C'^+^Xn+l), (0 < Oj < 1) 

where C is a ^-th root of unity. We assume that C‘^~^^/G has only Gorenstein terminal 
singularities. Moreover we assume that 

n+l p n+1 

Oj < / + max{^^ Oj, tti}. 

2 = 1 2 = 1 2=p-|-l 

Then Y has canonical singularities by |^, Theorem 4.6]. Let X := [h = t) G C^~^^/G x 
C(f) and / : X —>■ C(f) projection. Then a general fibre of / has only Q-factorial 
terminal singularities because the total space C‘^~^^/G x C has only Q-factorial terminal 
singularities. Suppose that there exists a simultaneous terminalization after some hnite 
base change. Let (h = f™) C x C be a hnite base change of X and r : df —> 

{h = a simultaneous terminalization. We consider the following diagram: 

{h = t)G ^ ^ ^n+2 4 ;p/ 

J, J, i ’ 

X = {h = t)c C”+VG X C ^ (h = f™) c C"+VG xC ^ X 

where X' = X Xcn+i/g^c Because general hbres of / : W —C have only Q- 

factorial terminal singularities, the codimension of exceptional sets of r is greater than 
two. Thus T and t' are small birational morphisms. But {h = C has only 

hypersurface singularities whose singular locus has codimension four. Thus it is Q- 
factorial, a contradiction. □ 

4 Simultaneous minimal model of Gorenstein homo¬ 
geneous toric deformation 

Theorem 3 Let f : X := SpecC[cr^ fi M] —^ C™' be a Gorenstein homogeneous toric 
deformation and t : X —>■ X a toric minimal model of X. Assume that dimX = n + m. 
Then 
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(1) / o r : X —>■ C™ is a flat morphism. 

(2) is T-nef 

(3) Xt has only canonical complete interseetion singularities in quotient space such 
that 


(Fi - Fo = 0) C C"+™/G, (1 < i < m) 

where G is an abelian group aeting on diagonally, has only Goren- 

stein terminal singularities and Fi are invariant monomials of the action of G. 
The monomials can be written as 

Pi+i 

Fi = 2 ;^ (0 < z < m) 

j=Pi+i 

0 = Po < Pi < P2 < ■ ■ ■ < Pm < Pm+1 =n + m 

where Xj is the j-th coordinate o/C"’*'™'. 

(4) If X is smooth, Xt has only terminal singularities. 

Remark. If dimX = 2 + m ( i.e. / is 2-dimensional fibration ), then we can write 
Fi, (1 < z < m) as 


Fi Xi-^.l (0 ^ Z ^ m 1 ), Fm Xm^m+l 

by changing indices if necessary. Because Fi are invariant monomials under the action of 
G, the action of each element of 5 ^ G G is nontrivial only Xm, a^m+i axises. But C‘^~^‘^/G 
has only Gorenstein terminal singularity, the action of G must be trivial. Thus each 
fibre of / o r is smooth, and r gives a simultaneous resolution. 

Proof of Theorem 3. By K. Altmann |]I|, Theorem 3.5 , Remark 3.6], we can 
state the construction of a as follows: 

( 1 ) a can be written as cr = M>oP where P is an (n + m — l)-dimensional polygon 
such that 

P := Conv(U]To-Ri e*) 

where Ri x Ci = {(xi, • • • ,x„_i,0, • • • , 1, • • • , 0) G • • • ,x„_i) G P*} 

and Ri, (0 < z < m) are integral polytopes in 

( 2 ) / can be written as (x’’* — x’’°), (1 < z < m) where r* : Ar = > M is the 

n + z-th projection. 
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Thus, all primitive one dimensional generators of a are contained in the hyperplane 
defined by tq + ■ ■ ■ = 1- Let r : X ^ X he a toric minimal model of X and a = Ucta 

is the corresponding cone decomposition. Then these cones satisfy the following three 
conditions: 

( 1 ) (Ja is a simplex. 

(2) Let ki, - ■ ■ , kn+m be one dimensional primitive generators of a\. Then all /c* are 

contained in the hypersurface defined by ro + ■ ■ ■ + = 1 - 

(3) The polytope 

n+m n+m 

Aa ;= ^ aiki, ^ a* < 1, a* > 0 
2=0 2=0 

contains no lattice points except its vertices. 

Let Xa := SpecC[(T^ n M] and k^, {1 < i < n + m) he the dual vectors of ki. Then, by 
( 1 ), Xa can be written as follows: 


Xa = 

where G := N/ Z/cj and the action of G is diagonal. Because kj are contained in 

the hypersurface defined by ro + ■ ■ ■ + = 1 and (r^, kj) > 0 (r* G a^), 

J (r*, kj) = 1 for Pi < j < Pi+i 
1 (rj, kj) = 0 other j 

where 0 = po < pi < P 2 <■■■< Pm < Pm+i = n + m. Thus we can write 

Pi+i 

= n 

j=Pi+i 

where Xj = is the j-th coordinate of C"'"*'™'. The monomials x"^^ are invariant under 
the action of G, because r* G fl M. Thus if we set Fi = x'^\ proofs of theorem (1), 
( 2 ) and (3) are completed. Finally, we show (4). Since Xa is smooth, a general fibre of 
/ o r is smooth. We study a singularity of central fibre. Because Xa is smooth we may 
set ki = {1 < i < n + m) where e* are the standard basis of Z"'"''™'. Then r* can be 

written 

n = (eP*+i)v + ... + (eP*+i)v. 

Thus a generator of the cone of central fibre for can be written 

H- Pi<Si<pi+i, 
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by the definition of homogeneous toric deformation. So all generators of this cone con¬ 
tains hypercube of hence central fibre has only terminal singularities. □ 

A toric minimal model of X is not unique, and which can be joined by hops each other. 
We can obtain some examples of 4-dimensional hops as an application. 

Example. There are 4-dimensional hops which satisfy the following diagram: 

P(l,a, 6)cZ-> P(l,a,6 )cZ+ 


W 

where 0(P(1, a, h)) = 0+(P(l, a, h)) = pt. 

Remark. In the case a = 6 = 1, it is known as “Mukai transformation”. 
Construction of Example. Let d be a 3-dimensional cone whose primitive 
generators are 

d = ((1, 0,1), (0,1,1), (-a, - 6 ,1), (1,1,1), (-a, 1 - 6 ,1), (1 - a, - 6 ,1)) C Ml 

We consider a deformation of toric singularity Y := SpecC[d^ fl M]. The polytope 
Q := a D {{x, y, z) G M^|z = 1} has Minkowski decomposition i?o + -Ri + -R 2 where 

Ro = ((l,0),(0,0)), Ri = ((0,l),(0,0)), R 2 = ((-a,-6),(0,0)). 

Thus by [|I], Remark 3.6] the corresponding toric homogeneous deformation space of V 
is a toric variety X := SpecC[cr^ ft M] where 

(7 := M>o(ei, 62, 63, 64, 65, Ce), 

ei := (1, 0,1, 0, 0), 62 := (0, 0,1, 0, 0), 63 := (0,1, 0,1, 0) 

64 := ( 0 , 0 , 0 , 1 , 0 ), 65 := (-a,-6, 0 , 0 , 1 ), Ce := ( 0 , 0 , 0 , 0 , 1 ). 

We construct two different crepant resolutions of X. Because aei — 062 + bes — he^ + 
65 — eg = 0, by Reid[^, Lemma 3.2], there are two cone decompositions of a such that 

a = (62, 64, eg, 61, 63) U (62, 64, eg, 63, eg) U (e2, 64, eg, eg, ei) 


and 

a = (ei, 63 , eg, 62 , 64 ) U (ei, 63 , eg, 64 , eg) U (ei, 63 , eg, eg, 62 ). 

Let Z and be the toric varieties corresponding to above cone decompositions. Then 
the exceptional sets of 0 : Z —> X and cf)'^ : —>■ X are isomorphic to P(l,a, 6) and 

0(P(1, a, h)) = 0+(P(l, a, h)) = pt. There is a diagram 


0 


0 + 


X 

i 

= C2 = 


z 

fi 

C 2 
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Z+ 

ir 

Cl 


Then the exceptional set of 0 and (j)'^ are contained in a fibre of / and respectively, 
since 0(IP(1, a, h)) = 0+(P(l, a, h)) = pt. Let * : C —> be the diagonal map. We set Z, 
and W the pull back by * of Z —>• C^, Z+ —> and X —> respectively. □ 
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